
dFα

dt
≡ ∂Fα

∂t
+v‖b̂· ∂Fα

∂x
+(EL+ET

⊥)×b̂0 · ∂Fα

∂x
+sαv2

tα(EL ·b̂+ET
‖ )

∂Fα

∂v‖
= 0

vL
p = −mc2

eB2

∂∇⊥φ

∂t

vT
p = −mc2

eB2

1
c

∂A⊥
∂t

J⊥gc(x) =
∑

α

qα

∑

k

∫
Fαgc(k)eik·x〈v⊥eik·ρ〉ϕdv‖dµ

∂np

∂t
+

∂

∂x

∫
vL

p Figcdv = 0

J = Jgc + e

∫
vT

p Figcdv

Darwin Electromagnetic (finite-β) Gyrokinetic Equations 

•

•

∇2A⊥ −
1
v2

A

∂2A⊥
∂t2

= −4π

c
J⊥gc•

• ∇2A‖ = −4π

c
J‖gc J‖gc =

∑

α

qα

∫
v‖Fαgcdv‖dµ.

J⊥gc(x) =
∑

α

qα〈
∫

Fαgc(R)v⊥δ(R− x + ρ)dRdv‖dµ〉ϕ

ET
‖ = −

∂A‖

∂t
ET
⊥ = −∂A⊥

∂t
•

•

•

•

n = ngc + np

∇2φ +
ω2

pi

Ω2
i

∇2
⊥φ = −4πe(nigc − negc)

Diamagnetic Current 
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k = k⊥cosθê1 + k⊥sinθê2 + k‖b̂ v = v⊥cosϕê1 + v⊥sinϕê2 + v‖b̂

exp(∓ik · ρ) = exp[±i
k⊥v⊥

Ω
sin(ϕ− θ)] =

+∞∑

n=−∞
Jn(

k⊥v⊥
Ω

)e±in(ϕ−θ)

J⊥gc(x) =
c

B
b̂×∇⊥

∑

α

pα⊥

pα⊥ = mα

∫
(v2
⊥/2)Fαgc(x)dv‖dµ

J1(k⊥v⊥/Ωα) ≈ k⊥v⊥
2Ωα

Diamagnetic Current and Pressure Balance Equation

J⊥gc(x) =
∑

α

qα

∑

k

∫
Fαgc(k)eik·x〈v⊥eik·ρ〉ϕdv‖dµ

〈v⊥e−ik·ρ〉ϕ = iv⊥J1(
k⊥v⊥
Ωα

)
b̂× k⊥

k⊥
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Gyrokinetic MHD

d

dt
∇

2

⊥φ +
v2

A

c
(b̂ ·∇)∇2A‖ − 4π

v2

A

c2
∇⊥ · J

d
⊥gc = 0

dpα

dt
= 0

d

dt
≡

∂

∂t
−

c

B
∇φ̄ × b̂0 ·∇

J
d
⊥gc =

c

B0

∑

α

[

pα(∇× b̂0)⊥ + pαb̂0 × (∇lnB0)
]

1

c

∂A‖

∂t
+ b ·∇φ = 0.

valid for general geometry but reducible to 
Strauss’ high beta reduced MHD equation  

• GK Three-field Equations for                    w/o geometric simplification   [Lee and Qin PP ‘03]k⊥ρi ! 1

• Simulations of MHD modes via global gyrokinetic particle codes:

-- Naitou, Tsuda, Lee and Sydora, “Gyrokinetic simulation of 
internal kink modes,” PoP 2, 4257 (1995). 
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MHD Equilibrium

JT =
c

B
b×∇p b ≡ B

B

0 =
4π

c
JL +

1
c

∂EL

∂t
∂

∂t
→ 0 JL → 0

∇2A = −4π

c
JT∇×BT =

4π

c
JT

∇ · JT = 0

=
c

B
∇p · (∇× b)

∇× b =
1
B
∇×B + b×∇lnB

b×∇p ·∇lnB = 0

-- OK, unless pressure gradient is zero, then magnetic field is undefined.

-- Can we study MHD equilibrium in the presence of magnetic islands?

• Longitudinal Ampere’s Law: 

• Transverse Ampere’s Law:

• Diamagnetic Current/
Pressure Balance Equation:

• From 

• We obtain
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